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We discuss the thermodynamic properties of dark energy (DE) with Quintom matter in spinor scenario.
(1) Using the Cardy–Verlinde formula, we investigate the conditions of validity of the Generalized Sec-
ond Law of thermodynamics (GSL) in the four evolutionary phases of Spinor Quintom-B model. We also
clarify its relation with three cosmological entropy bounds. (2) We take thermodynamic stability of the
combination between Spinor Quintom DE and the Generalized Chaplygin Gas (GCG) perfect ﬂuid into
account, and we ﬁnd that in the case of β > 0 and 0< T < T0, the system we consider is thermodynam-
ically stable. (3) Making use of the Maxwell Relation and integrability condition, we derive all thermal
quantities as functions of either entropy or volume, and present the relation with quantum perturbation
stability.
© 2009 Elsevier B.V. Open access under CC BY license. 1. Introduction
There are mounting data from type Ia supernovae, cosmic mi-
crowave background (CMB) radiation, and so on [1–4], have pro-
vided strong evidences for the present spatially ﬂat and accelerated
expanding universe, corresponding to a¨ > 0, which is dominated
by dark sectors. Combined analysis of the above cosmological ob-
servations support that the energy of our universe is occupied by
dark energy (DE) about 73%, dark matter about 23% and usual
baryon matter only about 4% which can be described by the well-
known particle theory. In the context of Friedmann–Robertson–
Walker (FRW) cosmology, the evolution of scale factor is governed
by the temporal part of Einstein equation 3 a¨a = −4πG(ρ + 3p),
this acceleration may be attributed to the exotic form of negative
pressure satisfying p < −3ρ , the so-called DE. So far, the nature of
DE remains a mystery. To describe the property of this component,
a signiﬁcant parameter w = pρ , called Equation of State (EoS), was
introduced. And it needs to be w < − 13 theoretically. Based on dif-
ferent evolution of the EoS we can obtain different candidate for
DE. Currently, it is widely taken the candidate as a small cosmolog-
ical constant Λ (or vacuum energy) with EoS w = −1 as well as a
dynamical component such as the Quintessence with −1 < w < 1
[5,6], Phantom with w < −1 [7], K-essence with both w −1 and
w < −1 but never crossing −1 [8,9]. Although the recent ﬁts to
the data in combination of WMAP [10,11], the recently released
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tional data show remarkably the consistence of the cosmological
constant, it is worth noting that a class of dynamical models with
the EoS across −1 Quintom is mildly favored [13–16]. In the liter-
ature there have been a lot of theoretical studies of Quintom-like
models. Especially, a No-Go theorem has been proved to constrain
the model building of Quintom [17], and according to this No-Go
theorem there are models which involve higher derivative terms
for a single scalar ﬁeld [18], models with vector ﬁeld [19], mak-
ing use of an extended theory of gravity [20], non-local string ﬁeld
theory [21], and others (see e.g. [22–30]). The similar work applied
in scalar–tensor theory is also studied in Ref. [31].
Except that many works have been done in pursuit of estab-
lishing concrete model to understanding the theoretical nature and
origin of this special ﬂuid, there also are a number of papers com-
mitting themselves to investigating the thermodynamic properties
of DE ﬂuid. The thermodynamics of de Sitter space–time was ﬁrst
investigated by Gibbons and Hawking [32] and [33–36] extended
the study to quasi-de Sitter space–time. Based on an assumption
that DE is a thermalized ensemble at certain temperature with
an associated thermodynamical entropy, Refs. [37–47] made var-
ious aspects of the thermodynamic discussions. The papers [48,49]
have studied the GSL of modiﬁed gravity. In Ref. [50], the thermo-
dynamics of Quantum Gravity has been investigated. Ref. [51] con-
sidered the apparent horizon of the Friedmann–Robertson–Walker
universe as a thermodynamical system and investigate the thermo-
dynamics of LQC in the semiclassical region.
Previously, a Quintom dark energy with non-regular spinor
matter has been considered [52]. In succession, to understand the
possible combinations among different types of Quintom model in
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class of models and realize additional Quintom models by the aid
of these dual properties. In the meantime, we also perform the
stateﬁnder diagnostic for this Spinor Quintom model [53]. In this
Letter, we will discuss the thermodynamics of the Spinor Quintom
model. From the thermodynamical point of view, our universe can
be considered as a thermodynamical system ﬁlled with DE perfect
ﬂuid. We will examine the GSL and thermodynamic stability in this
system. This Letter is organized as follows. In Section 2, we inves-
tigate the validity of GSL in spinor ﬁeld with Quintom DE model,
we indicate the conditions under which the GSL can be satisﬁed.
In Section 3, we explore the conditions for thermodynamic stabil-
ity of the combination between Quintom model with spinor ﬁeld
and the GCG perfect ﬂuid. Some thermodynamic parameters, as
functions of entropy and volume, are given in Section 4, and we
also display the relation with the stability from the point of view
of quantum perturbation stability. Section 5 contains our conclu-
sions and prospects.
2. GSL in a system ﬁlled with Spinor Quintommatter
One of the distinguishing features of the driver of current ac-
celerating expansion, the alleged DE, lies in violating the strong
energy condition, ρ + 3p > 0 [3,54]. As a result of the dependence
on theoretical models this strength of acceleration is a question in
debating. While most model independent analyses suggest that it
is below the de Sitter value [55], it is certainly true that the body
of observational data allows a wide parameter space compatible
with an acceleration larger than de Sitter’s [7,56]. If eventually it
is proven to be the case, this dark component would violate not
only the strong energy condition ρ + 3p > 0 but also the dom-
inated energy condition ρ + p > 0. In the literature, component
with the above specialties was dubbed Phantom [7,57], suffering
from a long list of pathologies such as quantum instabilities [58,
59] which leads to supersonic and causes a super-accelerating uni-
verse ending in a big rip or big crunch along the cosmic evolution.
Attracting much attention, the interesting ﬂuid has been widely
discussed in recent years [60,61], and Refs. [39,62] investigated
the thermodynamics on Phantom dark energy dominant universe.
The thermodynamics of DE with constant EoS in the range of
−1 < w < − 13 was considered in [63], and that of K-essence also
was studied in Ref. [47].
Based on the relation between the event of horizon and the
thermodynamics of a black hole assumed by Bekenstein in 1973
[64], the event of horizon of a black hole is a measure of its
entropy. This idea has been generalized to horizons of cosmo-
logical models, so that each horizon corresponds to an entropy.
Correspondingly, the second law of thermodynamics was modi-
ﬁed in the way that in generalized form, the sum of all time
derivative of entropies related to horizons plus time derivative of
normal entropy must be positive, i.e., the sum of entropies must
be increasing with time. Ref. [65] investigated the validity of GSL
for the cosmological models which departs slightly from de Sit-
ter space. Ref. [40] explored the thermodynamics of DE taking the
existence of the observer’s event horizon in accelerated universes
into account. The conditions of validity of generalized second law
in Phantom dominated era was studied in [41]. The validity of the
GSL of thermodynamics for the Quintom DE model with two scalar
ﬁelds without coupling potential term was considered in [43]. In
this section, we will discuss the validity of the GSL of thermody-
namics for a Quintom-dominated universe in spinor ﬁeld and clar-
ify its relation with three cosmological entropy bounds: the Beken-
stein bound [72], the holographic Bekenstein–Hawking bound, and
the Hubble bound [33].To begin with the discussion, we deal with the homogeneous
and isotropic Friedmann–Robertson–Walker (FRW) space–time,
then the space–time metric reads
ds2 = dt2 − a2(t)dx2. (1)
Assuming that the dynamics of gravity is governed by the Einstein–
Hilbert action, for a spinor minimally coupled to general relativity
[66–68], we have
S = Sψ + Sm − 1
6
∫
d4x
√−gR, (2)
where R is the scalar curvature, Sψ is given by the Dirac action
and Sm describes additional matter ﬁelds such as scalar ﬁelds and
gauge ﬁelds.1
We just take the spinor component as the thermodynamical
system which we may discuss. With the aid of the dynamics of
a spinor ﬁeld which is minimally coupled to Einstein’s gravity
[69–71], we can write down the following Dirac action in a curved
space–time background
Sψ =
∫
d4x e
[
i
2
(
ψ¯Γ μDμψ − Dμψ¯Γ μψ
)− Φ]
=
∫
d4x eLψ . (3)
Here e is the determinant of the vierbein eaμ and Φ stands for any
scalar function of ψ , ψ¯ and possibly additional matter ﬁelds. We
will assume that Φ only depends on the scalar bilinear ψ¯ψ . From
the expression of the Dirac action, we have the energy density and
the pressure of the spinor ﬁeld:
ρψ = T 00 = Φ, (4)
pψ = −T ii = Φ ′ψ¯ψ − Φ. (5)
For a gauge-transformed homogeneous and a space-independent
spinor ﬁeld, the equation of motion of spinor reads [52]
ψ˙ + 3
2
Hψ + iγ 0Φ ′ψ = 0, (6)
˙¯ψ + 3
2
Hψ¯ − iγ 0Φ ′ψ¯ = 0, (7)
where a dot denotes a time derivative while a prime denotes a
derivative with respect to ψ¯ψ , and H is Hubble parameter.
In the framework of FRW cosmology, the Friedmann constraint
equation will be2
H2 = 1
3
ρψ. (8)
From the equation of motion of spinor and the Friedmann con-
straint equation, we can obtain the derivative of Hubble parameter
with respect to time,
H˙ = ρ˙ψ
6H
= Φ
′ψ¯ψ
2
. (9)
So we have
ρψ + pψ = −2H˙ . (10)
According to the Gibbons equation
T ds = dE + pψ dV = (pψ + ρψ)dV + V dpψ, (11)
1 Here we postulate symmetries, diffeomorphism and local Lorentz invariance.
2 Note that we use units 8πG = h¯ = c = 1 and all parameters are normalized by
Mp = 1/
√
8πG in the Letter.
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V = 43π R3H (RH is the event of the horizon), we may rewrite the
ﬁrst law of thermodynamics as
T ds = −2H˙ d
(
4
3
π R3H
)
+ 4
3
π R3H dρψ
= −8π R2H H˙ dRH + 8πHR3H dH, (12)
where T is the temperature of the background of Spinor ﬂuid.
Therefore, the derivative of normal entropy is given as follows:
s˙ = ds
dt
= 1
T
8π H˙ R2H (HRH − R˙ H ). (13)
Now we turn to consider the entropy corresponding to the event
horizon. The deﬁnition of event horizon in a de Sitter space–time
is
RH = a(t)
∞∫
t
dt′
a(t′)
. (14)
So the time derivative of event of horizon in a spinor ﬁeld ap-
proaching the de Sitter space satisﬁes the following equation:
R˙ H = a˙(t)
∞∫
t
dt′
a(t′)
+ a(t)
˙∞∫
t
dt′
a(t′)
= HRH − 1. (15)
(i) In the parameter range of HRH  1, the Bekenstein bound,
which is supposed to hold for systems with limited self-gravity,
is appropriate. And the EoS of spinor larger than −1, corre-
sponding to a Quintessence dominant universe [65]. (ii) While for
HRH  1, corresponding to a strongly self-gravitating universe, the
Bekenstein bound has to be replaced by holographic Bekenstein–
Hawking bound in which one has SB  SBH . And one can get a
Phantom phase [41]. (iii) If HRH = 1, the Bekenstein bound SB is
equal to holographic Bekenstein–Hawking bound SBH . Then we can
write the ﬁnal form of the time derivative of normal entropy,
s˙ = 8π R
2
H H˙
T
. (16)
As we well know, the entropy is proportional to the area of its
event horizon. If the horizon entropy corresponding to RH is de-
ﬁned as sH = π R2H , the GSL can be stated as:
s˙ + s˙H = 8π R
2
H H˙
T
+ 2π RH R˙H  0. (17)
In the following, we will take the Quintom-B model realized in
Ref. [52] to discuss the validity of GSL in spinor ﬁeld. The temper-
ature of Spinor Quintom-B is assumed to be positive.
(1) Phantom dominated evolution:
In this phase R˙ H  0, so s˙H  0. From V ′ < 0 one can get H˙ > 0.
So the condition for validity of GSL can be expressed as:
H˙ 
∣∣∣∣ R˙ H T4RH
∣∣∣∣. (18)
(2) Quintessence dominated evolution:
In this period of evolution R˙ H  0, then we have a negative
time derivative of Hubble parameter but that of horizon entropy is
not a negative value. Thus the condition for validity of GSL is:
|H˙| R˙ H T
4RH
. (19)
(3) Phase transition from Phantom to Quintessence:
At the transition point, we have w = −1 and V ′ = 0, that is
to say H˙ = 0, so s˙ = 0. Assume that the event horizon RH variesin a continuous way, one may expect that R˙ H = 0 at transition-
ing time, so the horizon entropy is continuous and differentiable
[43]. Therefore, to realize the transition, it needs to be continuous
and differentiable in transition time for the total entropy of the
universe.
(4) The ﬁnal phase — an approximate de Sitter universe:
In such a state, the temperature is [65],
T = bH
2π
, (20)
where b is a parameter. During this period, the universe lies in the
Quintessence phase, so
b 8π |H˙|RH
H R˙H
, (21)
in de Sitter space–time case RH = 1H , one can get b  8π , which
should be satisﬁed if GSL is valid.
In conclusion, one can ﬁnd that the conditions for the validity
GSL of Spinor Quintom model are similar to that of the Quintom
DE model constructed by two scalar ﬁelds without coupling poten-
tial term which was considered in [43].
3. Thermodynamic stability of the combination between Spinor
Quintom and GCG perfect ﬂuid
Since the Chaplygin gas was generalized, people have made
many correlative studies [73,74] to reconcile the standard model
with observations. Ref. [45] discusses the behavior of tempera-
ture and the thermodynamic stability of a generalized Chaplygin
gas considering only general thermodynamics — the corresponding
thermal equation of state for the GCG and analyzed its temperature
behavior as well as its thermodynamic stability considering both
adiabatic and thermal equations of state. While in Ref. [46], Chap-
lygin gas was modiﬁed again, and a scenario was set up to deter-
mine the corresponding thermal equation of state of the Modiﬁed
Chaplygin Gas (MCG) and it reveals that the MCG only presents
thermodynamic stability during any expansion process if its ther-
mal equation of state depends on temperature only, P = P (T ).
Moreover, the modiﬁed Chaplygin gas may cool down through any
thermodynamic process without facing any critical point or phase
transition. We have established a combination between Chaplygin
gas and Spinor Quintom in Ref. [52], in this section we will investi-
gate the thermodynamic stability in a universe ﬁlled with the ﬂuid
combined by both Quintom and GCG in spinor ﬁeld.
In Ref. [52], we took the form of potential as
Φ = 1+β
√
Φ0(ψ¯ψ)1+β + c,
and got the EoS of GCG model
p = − c
ρβ
, (22)
where parameter β is a positive constant (β > 0) and c is also
a positive and universal constant [45]. Here we consider a closed
thermodynamic system full of dark energy ﬂuid, in which the com-
bination of Spinor Quintom with GCG plays important role. Assume
the internal energy U and pressure p as only the functions of
their natural variables (entropy s and volume V ): U = U (s, V ), p =
p(s, V ), and the energy density of DE ﬂuid is
ρ = U
V
. (23)
From general thermodynamics [75,76], we know that(
∂U
∂V
)
= −p. (24)s
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form,(
∂U
∂V
)
s
= c V
β
Uβ
, (25)
and the expression of the internal energy of this system is also
given by its solution,
U = 1+β
√
cV 1+β + b, (26)
where b = b(s) is an integration parameter. It can be proven that
even if c = c(s) is not a universal constant, the above expression
remains valid. Eq. (25) also can be written as [45]:
U = V 1+β
√
c
[
1+
(
σ
V
)1+β]
, (27)
where parameter σ 1+β = bc . Then we may deduce the expressions
of energy density and pressure with respect to this parameter,
ρ = 1+β
√
c
[
1+
(
σ
V
)1+β]
, (28)
p = − 1+β
√
c
[1+ ( σV )1+β ]β
. (29)
By these two equations, we could understand the behavior of both
past and future of our universe. In the early time with small scale
factor and volume, the energy density and pressure behave as the
forms below:
ρ ≈ c 11+β σ
V
, (30)
p ≈ c 11+β
(
V
σ
)β
∼ 0, (31)
corresponding to a high energy density and approximative pres-
sureless matter dominant phase. During this period the energy
density reduces with the entropy and volume adiabatically. Along
with the cosmological expansion through to some late times, these
two parameters are approximated respectively to
ρ ≈ c 11+β + c
1
1+β
1+ β
(
σ
V
)1+β
, (32)
p ≈ c 11+β . (33)
During this period of the evolution, the total system can be seen
as constituted by two components: one with constant energy den-
sity and the other with an alterable energy density with respect to
volume. While for a large value of scale factor, the energy density
may rather lower and EoS is p = −ρ = c 11+β which is a de Sitter
space–time. Consequently, we realize a transformation from dust-
like matter-dominated universe to a de Sitter phase in the point of
view of thermodynamics.
In what follows, we will extensively examine the conditions for
the thermodynamic stability of this combined system.
(1) We determine how the pressure changes with volume
through the adiabatic expansion.
Using Eq. (28), one can get(
∂p
∂V
)
s
= β p
V
[
1− 1
1+ ( σV )1+β
]
, (34)
it is obvious that we exclude the case of β = 0 due to a con-
stant pressure and the disappearing derivative. While in the case
of β > 0 the above derivative is always negative value.(2) To make a system stable, it is necessary for the thermal
capacity at constant volume to be positive cV > 0, the pressure
reduces as volume at constant temperature, as well.
For this purpose, we calculate the formula of temperature T
and entropy s to determine how the temperature depends on its
entropy and volume. In the thermodynamics and statistical physics,
the temperature of a system is deﬁned as:
T =
(
∂U
∂s
)
V
, (35)
combined with the expression of internal energy, the formula of
temperature can be written as follows [45]:
T = 1
1+ β
(
cV 1+β + ε)− β1+β (V 1+β dc
ds
+ dε
ds
)
. (36)
Clearly, if the parameters as both c and ε are universal constant,
the temperature equals to 0 for any value of pressure and volume.
As a result, the isotherm T = 0 is simultaneously an isentropic
curve at s = const, which violates the third law of thermodynam-
ics [45]. Taking this factor into account, we choose c as a universal
constant and dεds > 0. From dimensional analysis it can be under-
stood that ε has a dimension of energy, [ε]1+β = [U ]. In this case,
we take it as [45]
b = (T0s)1+β, (37)
so
dε
ds
= (1+ β)(T0s)β T0. (38)
Then the formulae of temperature and entropy of this system can
be written as:
T = T 1+β0 sβ
[
cV 1+β + (T0s)1+β
]− β1+β , (39)
s = c
1
1+β
T0
T
1
β
(T
1+β
β
0 − T
1+β
β )
1
1+β
V . (40)
A stable thermodynamic system requires a positive and ﬁnite en-
tropy, which requests that the temperature satisﬁes
0< T < T0. (41)
By the deﬁnition of cV and the formulae of temperature and en-
tropy, one can rewrite cV as
cV = 1
βT0
c
1
β V
[1− ( TT0 )
1+β
β ] 2+β1+β
(
T
T0
) 1
β
. (42)
Thus, when β > 0 and 0< T < T0, one can get a positive cV .
Correspondingly, we can obtain the expression of pressure,
p = −c 11+β
[
1−
(
T
T0
) 1+β
β
] β
1+β
. (43)
It can be seen that the pressure is only the function of tempera-
ture, so ( ∂p
∂V )T > 0 is satisﬁed.
In a word, in the case of β > 0 and 0 < T < T0, the system we
consider is thermodynamically stable.
4. Thermodynamic parameters and its relation with quantum
stabilities
In the ﬁrst two sections, we have studied the stability of a
system ﬁlled with Spinor Quintom DE ﬂuid from the classical ther-
modynamic point of view. For this part, we will derive a class of
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we may discuss the relation with quantum perturbation and which
constraint is much stronger.
From the expressions of energy density (Eq. (28)) and pressure
(Eq. (29)), we can get
ρ + P = 1+β
√
c
(
1+
(
σ
V
)1+β)
− 1+β
√
c
1+ ( σV )1+β
= 1+β√c
(
1+β
√
1+
(
σ
V
)1+β
− 1
1+β
√
1+ ( σV )1+β
)
. (44)
Besides, from the deﬁnition of entropy
S ≡ ρ + P
T
V , (45)
we can derive a deﬁning equation of temperature for an adiabatic
process,
T ≡ ρ + P
S
V . (46)
Then we have the temperature
T(V ) =
1+β√c
S
(
1+β√
V 1+β + σ 1+β − V
2
1+β√V 1+β + σ 1+β
)
. (47)
In addition, the EoS WV , squared speed of sound C2s(V ) and entropy
SV read, respectively,
W (V ) = P
ρ
= − V
1+β
V 1+β + σ 1+β , (48)
C2s(V ) =
∂ P
∂ρ
= V
1+β
σ 1+β
, (49)
S(V ) = C
1
1+β
S
(
1+β√
V 1+β + σ 1+β − V
2
1+β√V 1+β + σ 1+β
)
. (50)
The combination among the integrability condition
∂2S
∂T ∂V
= ∂
2S
∂V ∂T
, (51)
the Maxwell relation
∂T
∂V
= −∂ P
∂ S
, (52)
and Eq. (46), can lead to the relation,
dP = −ρ + P
S
dS. (53)
And setting β = 1 in Eqs. (28) and (29), one has
ρ + P = −√c
σ 2
V 2√
1+ ( σV )2
= c
P
− P , (54)
so
P dP
P2 − c =
dS
S
. (55)
Finally we can get the thermal quantities as functions of entropy.
P (S) = −
√
c
√
1−
(
S
S∗
)2
, (56)
ρ(S) =
√
c√
1− ( SS )2
, (57)∗W (S) =
(
S
S∗
)2
− 1, (58)
C2S(S) = 1−
(
S
S∗
)2
. (59)
Based on the above expressions of these quantities, we may ana-
lyze the quantum stability in connection with perturbations which
is one important issue of a DE model. Usually systems with nega-
tive kinetic modes from ghost ﬁelds suffer from the quantum insta-
bilities which may induce some supersonic phenomenon. However,
in our Spinor Quintom DE model, we do not introduce any ghost
ﬁeld, and is it to say that this model will not perform any quan-
tum instability? To study this issue, we would like to redeﬁne the
spinor as ψN ≡ a 32 ψ . Then perturbing the spinor ﬁeld, one gives
the perturbation equation as follows [52],
d2
dτ 2
δψN − ∇2δψN + a2
[
V ′2 + iγ 0(HV ′ − 3HV ′′ψ¯ψ)]δψN
= −2a2V ′V ′′δ(ψ¯ψ)ψN − iγ μ∂μ
[
aV ′′δ(ψ¯ψ)
]
ψN , (60)
where τ is the conformal time deﬁned by dτ ≡ dt/a. From the
perturbation equation above, we can read that the sound speed is
equal to 1 which eliminates the instability of the system in short
wavelength.
Thus to what degree the system is stable in both quantum
and classical level, and which constraint is much stronger. Further-
more, whether there are some instability from the unrenormaliz-
able quantum effect. Such issues we may discuss in detail in our
future work.
5. Conclusion and discussions
To summarize, we have investigated the thermodynamics of
Quintom DE dominant thermodynamical system in spinor ﬁeld.
Firstly, we show the conditions in which the total entropy may
not decrease with time not only in Phantom and Quintessence
phase but also at the transition time and the ﬁnal approximative
de Sitter phase. We set up the similar conditions to a Quintom
universe with two scalar ﬁelds without coupling potential term. In
the second place, we, using general thermodynamics, explore the
thermodynamic stability of a system full of the DE ﬂuid combined
Spinor Quintom with GCG, and we conclude that in a certain range
of temperature, i.e. 0< T < T0, this system remains thermodynam-
ically stable without any limitation on pressure. We also derive a
class of thermal quantities as functions either of entropy or vol-
ume, then we may discuss the relation with quantum perturbation.
And in our future work, we may clarify which constraint is much
stronger by detailed calculations.
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